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1 Introduction 

The present article generalizes the results of A. Rougirel and M. Chipot in [2], [3] and [1] for the 
elliptic problems of order 2. We interest in elliptic problems of order 2m, with conditions of the 
Dirichlet type on cylindrical domains of M n . We study the asymptotic behavior of the solution when 
the cylindrical domain becomes unbounded in several directions. In the second section, we show 
under certain conditions on data that the solution of such problems converges towards a solution 
of an elliptic problem in R n_p , in Sobolev space H m , with a speed faster than any power of j, in 
the third section, we show the same results in higher order Sobolev spaces. 

Let w be a bounded Lipschitz domain of R n-P and n > p ^ 1. For a positive number £, we 
consider the cylinder of W l 

n e = {-£,£) p x u. 
For x = (x\,X2, • • • , x n ) G W 1 , we will set 

X 1 = (xi, ...,x p ), X 2 = (x p+ i, ... , x n ). 

We consider the boundary value problems defined by 

J Au = f in Qi, 

| = fc = 0,...,m-l ondCl e , M) 

f A^u = f inu, 

[ = k = 0,...,m-l on&j, K J 

with 

Au= Yl (-l) H D a (a a ^u), A^u= (-l) H D a (a a pD?u), 

\a\,\f3\^m a,f3€N 2 
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where we have denoted by \a\ the length of the multi- index a, D a the partial derivative Qa lx ®]^Qa nXn , 

the k derivative in the direction 1/ (the unit outward normal vector on dUg or dco), and N±, 
N 2 are given by 

JVi = {ae{0,l,..., m} p x {0} n ~ p , |a| ^ m} , N 2 = {a G {0} p x {0, 1, . . . , m} n ~ p , |a| < m) , 
/ is a function of L 2 (oo) independent of X\ 

m = kx 2 ), (3) 

the coefficients a a p satisfy 

a af3 G L°°(l p x w) for \a\, \P\ m, (4) 

a af3 G C(R p x lo) for \a\ , = m. (5) 

and 

a a/ 3(x) = a a/ 3(X 2 ) for a e N 2 (6) 

i.e. these coefficients are only depending on the last variables x p+ i, . . . ,x n . We will impose the 
usual ellipticity condition, i.e., that for some A > 

(-l) m a al3 (x)e +l3 > \\Z\ 2m , a.e. xGFxw, V?GR" 

\a\,\/3\=m 



where £' 



Q+/3 _ eQl+/3l £(Xn+f3 
— SI S2 



The variational problems corresponding to (1) and (2) are the following 



a(u, v) :- 



a aP D a uD^vdx = j fvdx, Vt> G H?(n e ) 



(7) 



{ u G H?(Sl t ), 

a w {u,v):= J ^2 a aP D a uD^vdx = J fvdx, W G H™{u) 



a,f3<=N 2 



(8) 



{ u G fl^H. 

where H^(n e ) (resp. is the closure of V(n e ) (resp.X>(a;)) in F m (^) (resp. H m (io)). Then, 

it is well known, see for instance [6], that under the above assumptions, the bounded bilinear forms 
a(., .) and o w (., .) are coercive on H™(Qe) and H™{uj) respectively, i.e. there exist C, Q > 0, c G E 
such that 



a(u,u) +c\\u\\ 2 L 2(q \ ^ Q 



(Pi) 



u g ^r(^), 



(9) 

2 (w) ^ ^ 1 1'" I lH">(a;) " c 11 o K^Ji ( 10 ) 

Moreover, if we take c = 0, there exists a unique solution ug in H™(Q() to problem (7) and a unique 
solution Uqo in H™(uj) to problem (8). We will also need to assume that the constant Cg in (9) is 
independent of £, then 

a(u,u)^C\\u\\ 2 Hmm ueH™(n e ) (11) 
Remark 1 We can only suppose 

a(u,u)>^\u\ 2 m u€H?(Sl e ) 
where < k < 1 and \u^ m = D a uD a vdx, then we have the same results. 

\a\^mJ 
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2 The convergence in the space H m (Q£ o ) 

We start by showing the following result : 

Proposition 2 Let v be an element of H™(£1{). Then 

v(X 1 , .) G H™{u) for almost all X 1 in {-£,£) p . (12) 

Proof. Using the idea of the proposition (3.1) in [1]. If we take v G H™{p.(). Then, there 
exists a sequence ip n of element of D(f^), such that 



/ (D a (v n -v)) 



2 

dx — > for \a\ ^ m. 



Thus, there exists a subsequence v n >, such that 



j (D a (v n , - v) (X u .)) 2 dX 2 — ► 



for almost all X\ in (—£,£) p and for a G N 2 . Then because v n i (Xi, .) G T>(uj) for all X\ in (—£,£) p 
and tv (Xi, .) — > v (X 1: .) in for almost all Xi in (-£, £)p we have (12) . ■ 

Theorem 3 Under the assumptions (3), (4), (5), (6) and (11), for all £ Q > and r > 0, there 
exists a constant C > independent of £ such that 

C 

\\ue - u oo\\ H ™(n eo ) ^ ^ti ( 13 ) 
where U£ and Uoo are the solutions to (7) and (8) respectively. 
Proof. We have 

J Y a al3 D a u i D^vdx = j fvdx for all v G H^(Q e ), 



and also 

! Y a a/ 3D a Uoo D^vdx = j fvdx for all v G H?(u). 
Applying the previous proposition, we have 



j Y a a(3 D a u e D^vdx = J J Y a a/3 D a Uoo D p vdx for all v G H™{p,(). (14) 



Taking into account the independence of from X±, we obtain 



J Yl a a pD a { Ui - Uoo )D^vdx = - f Y a aP D a Uoo D^vdx for all v G H™(Q e ). 

(15) 



ft, \a\,m^n n 0<|a|,|/J|<m 

aeN 2 ,/3€N 1 
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Using Gauss formula, and taking into account the fact that Mqo is independent of £, the functions 
a a p for (3 £ Ni and a G N2 are independent of X±, we obtain, for f3 G N±, and \(3\ > (i.e. there 
exists a (3 i ^ 0) 

then (15) becomes 

/ E a a/3 D Q (^ - UoD )D^vdx = for all u G (16) 

i e N,|/3Km 

Let p be a smooth function of IR P , such that 



O^g^l, g=lon (~,^\ P , g = on R p \(— 1, l) p , (17) 

|D a g| ^ C \a\^m. 
where C is some constant. For l\ ^ £, we have 



We take in (15) 

V = (ue- Uoo)£ 2 

We obtain 



Xi 

£1 



! E a ^D a (u e - Uoo )DP J (u t - u^g 2 f^-j \dx = 0. 
Using 

gD a (u e - Uoo ) = D a (g(u e - Uoo )) - Y, -^7] (a) Da '(^ ~ Uoo)D a - a ' e 

a'<a k 

where = (S) (S) ••• (a") an d (S) = "^"^i"^' , the e q ualit y ( 18 ) becomes 



(18) 



/ E a a/ 3^> a IK -^oo)^(— )} ^ -Uoo)£<( — )} cfe 

= " / EE (?') Oa/J^K - Uoo)i^((u* " UooMDP-Pgdx 

n J ei \a\,\p\<™ f}'<fi k 

+ / E E (« ) "a^K " ^oo)£» a - a '^((^ " «oo)0)<fc. (19) 

^ |a|,|/9|<ma'<a*l 

Using the Cauchy-Schwarz inequality, we can estimate all the terms of right hand side of (19) by 

/C C 
-^a a(3 D a (ui - u 00 )L> /3 ((^ - u QO )g)D^'gdx < — \\u e - «oo||jj-™(n £l ) II K ~ u oo)Q\\ H ™(n tl ) ( 20 ) 
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where i ^ 1, t\ ^ 1 and |a| , , I7I ^ m. Using the coercivity of the problem (11) and the 
estimation (20), we obtain 



C || (U* - U^)Q\\ Hm{Slli) ^ ^ - «Oo||ffm(n^) \\{U(. - U^QWjjm^) 

It follows 



C 

where C is a constant independent of i\ and I. Since £ = 1 on (— ^, ^) p , we obtain 

C 

\\Ue - «Oo||ifm(Q„ ) ^ Y ~~ U Oo||ffm(Q ) ■ 



If we set l\ = Jr, k € N, we have 



C 

\\U£ — u oo\\H rn (n e ) ^ ~J~ \\ u t ~ u oo\\H m (Q i ) ' 

2 fc +! 2^ 2^ 

it follows that 

C 

\W ~ nooH^^jy ^ ||"U£ - Uoo\\ Hm ^ (21) 

where C is only depending on k. Therefore, it is clear that if we can estimate ||u^ — Uoc\\H m (n e )-> 
we have (13). 

Lemma 4 Under the assumption (3), the following estimate holds 

P 



Proof. We set v = U£ in (14), 

J ^2 a a/ 3D a u e D /3 u e dx = J J ^ a a pD a u oa D ,i ui>dx. 

using the ellipticity of the problem (11) and the Cauchy-Schwarz inequality, it follows 

( f , V 

C ll^lltfm^) ^ C* ||^||#m(Q f ) / IKoollii-m^) <£X"l 

\W / 

Then, 

The proof is complete. ■ 

Let us come back now to the proof of the theorem. If we use (22), the inequality (21) implies 

that 

C / \C/p v \ 

\\Uf. - '"oolltfm(n^) ^ Jk \\\ U e\\H™(n e ) + ll U Oo||//m(^) J < ~^ [C 1 1 ^OO 1 1 /fm ( w ) + ^ 2 1 1 «oo 1 1 H ™ (oj) ) 

from where we get 

C 

\\Ue — UooWffm^Q^ ^ £ fc ~f IPooH^m^) 

Choosing then /c such that k — | > r, and for £ sufficient large such that > £ G , we obtain the 
desired estimate 

C 

||^ — u oo\\h™(Q. 1o ) ^ 
which completes the proof of the theorem. ■ 
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3 Convergence in higher order Sobolev spaces 

In this part we suppose the functions a a p verify the following regularity conditions 

a a /3 G C m (R p x u) for \a\ , \(3\ < m. (23) 
\D^a a(3 \^C on R p x w for | 7 | , \a\ , \p\ ^ m (24) 

where C is constant. 

Theorem 5 Under assumptions (3), (6), (11), (23) and (24), then for any £ Q > 0, any r > 0, and 
any Cli o <s fig o ^\ there exists a constant C > independent of £ such that 

C 

\\dx k { u e- u oo)\\ H m { n io ) < ^ for k = l,...,p (25) 

C 

II («<-««>) lljjm^j < -^r for k=p+l,...,n (26) 

where ii£ and u^, are the solutions of (7) and (8) respectively. 

The idea of the proof is based on the use of finite differences, which is possible for any type 
of functions, instead of derivation. Thus, for h > we define the differences of order 1 by 

_ h _ vjx + he k ) - v(x) 

°x k V - Xk V - ^ 

where ejt = (0, . . . , 1, . . . , 0), and we define the differences of higher order by 

5 a v = 5%v = 5 ai 5° 2 ...5 an v (27) 
where a = (ai, a 2 , ■ ■ ■ , a n ) € N™ and 5 ak v = 5 Xk 5°' k ~ 1 v 

We start by giving some properties of the finite differences analogous with those of derivation, 

Lemma 6 Let be O a bounded domain in W 1 , f € L 2 (0), 77 € V{0). then 

J fSfodx = (-1)I Q I J 6 a _ h fr,dx. (28) 
o o 

Proof. Applying [1, Lemma 3.9], for h sufficiently small, the equality (28) is verified for 
\a\ = 1. Thus, by induction on each component of a, and using (27), we obtain (28). ■ 

Lemma 7 Let f and g two functions defined on a part ofM. n . Then 

§a (f9) = E («) S ^f( x + (« " mS a ~ P 9, (29) 

Proof. This follows by induction on each component Qfc of a ■ 

Lemma 8 Let f be a function of class C m on the open set O ofW n . Then for any x in O, h 
sufficiently small, there exists of O, such that 

5lf(x) = -D a f{e h ) for \a\^m. (30) 



the closure of Sle n is in Qc 



Proof. This follows immediately from the mean-value theorem. ■ 

We turn now to the proof of the theorem. Taking w = ii£ — in (16), we obtain 

f a a pD a wD^vdx = for any v € H?(Q e ). 

For v in H^i^lg) with a support disjoint of d(—£,£) p x uj if 7 € N\ and with a support in Q,^ if 
7 ^ iVi, and /i sufficiently small, we can replace in the above expression f by (— l)! 7 ^^, with 
I7I ^ m. Using the permutation of the derivation and the finite difference, and the lemma 6, we 
obtain 

/ Y ^ h (a aP D a w)D^vdx = 0. 
The lemma 7 with / = a a p and g = D a w gives 
J Y a a p(x + lh)5^D a wD^vdx 

Q e \a\,\P\^m 

= -! J2 Y {°)S a a a p(x + (i -a)h)5^~ (T D a wD p vdx. (31) 

s{ \a\,\^mO<a^ 

Let l < i\ < and fi^ , fi^ two bounded domain of M n , such that Q' eo = Qg o , Q' e = Hp with 

i < I' < l\ if 7 G Ni, and fi^ = f2^ o <s fi^ <s $7^ if 7 ^ iVi. Let us denote by g a smooth function 
with compact support in (—£' ,l') p X TD if 7 G iVi, and with compact support in fi^ if 7 ^ iVi, such 
that in both cases we have 

^ £> ^ 1, £» = 1 on f^ o . 
We take v = 5 y wg 4m in (31) for h small enough , and using equalities 

D 13 {(S^wg 2m )g 2m } = ? 2m ^(iV m ) + ^ (f) ^'(*V m )0 W 'f 2m 

P'<P 

g 2m D a 5~ 1 w = D a {g 2m 5"<w) - ^ D^^wD^V 2 " 1 , (32) 



we see that (31) becomes 



J Y a ^ x + (^W™) ^ (<5 7 V™) = 

n , \a\,\/3\^m 



-I Y Y ^ (p)(y)^a a p(x + ^-a)h)D a p- a wD \Pw^ m )D^'^ m d.r 
s y |a|,|/3|<mO«T< 7( 3'^ 



n " \a\,\(3\<rn(3'<(3 

+ J Y Y (« ) a ^( x + lh)D a '6^wD^ {5^wg 2m ) D a ~ a ' g 2m 

n , \a\,\P\^ma'<a 

^1 



dx. (33) 
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We estimate one by one the three terms of the right hand side. The first term is the sum of terms 
of the form 

J C5 a a al3 (x + (7 - a) h)D a 5~<- a wD> 3 ' (S^wg^D 13 ^' g 2rn dx 

such that C is a constant, < a ^ 7, ^ (5 and |a| , \(3\ ^ m. Using (30) and the fact that the 
function g and these derivatives are bounded, and the Cauchy-Schwarz inequality, we can estimate 
these terms 



/ E E E (?) (7) S ° a «l3{ x + (7 - h)D a S^- a wD 13 ' \5^wg 2m )D^' ' g 2m dx 



The third term is the sum of terms of the form 



< ¥^Q 2m \\H^ ) II^H^^) • (34) 



(T<7 



J Ca a/3 (x + 7 /i) J D a Vu>L> /3 (5^wg 2m ) D a ~ a ' g 2m dx 



where C is a constant, a' < a and \a\ , \f3\ ^ m. Using (23), (24) and the fact that the function g 
and these derivatives are bounded, and the Cauchy-Schwarz inequality, we obtain 



! Yl E (?') a af 3(x + -fh)D a 5"'wD^\5' 1 wg 2m )D /3 -^g 2m dx 



n , \a\,\P\Krnp'<p 

^C\^w\\ Hm - 1(nle) \\5^wg 2m \\ (35) 
For the second term, a direct estimate as for the other terms is not sufficient. We first write 

#(^W m )= E {^)D^"5^wDP'^"g 2m , 



and for Irl ^ m 



D T g 2m = g m 4> 



0' 



where tp e is a sum and product of g and these derivatives. Then 
/ E E CO aai3(.x + jh)D a S^wD l3 '{5^wg 2m )D^'g 2m dx 

I E E E (?)(?')a^(x + 7/ l ) J D Q ^^ 2m J D /3 "^V a; - 

. U,l Irtl^™ 



Q , |a|,|/3|^m/3'</3 



Q , |a|,|/3|^m/3'</3/3"^/3' 

^1 
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Using (32), we obtain 



E E (?) a °p( x + tM^^^VV™)^ - ^ 2 ™^ 



n , |a|,|/3|<:m/3'</3 

^1 



E E E (?')(?') «a/3(x+7^)^(^ 2m ^)^"^^ 



jf, |a|,|/3|<m/3'</9/3"<^' 



- / E E E E (sf 



/3" \ Iff 



( , , , ; , a aP {x + -)h)D a ' S^wD 13 " 5^wi) e D a ' a ' e 2m dx. (36) 

|a|,|^|<m/3'</3/3"^'a'<a 

Therefore, the second term is a sum of two terms. The first term is a sum of terms of the form 

Ca afi {x + 1 h)D a (g 2m 5~ t w)DP5~ t wij Q dx 



where \a\ ^ m, \(3\ < m. Using (23), (24) and the fact that the function g and these derivatives 
are bounded, and the Cauchy-Schwarz inequality, we obtain 



Ca a/3 (x + ^h)D a {g 2m 6' r w)D p S' r wip dx 



C\^w\\ Hm - 1(nW) \\5^wg 2m \\ Hm{n ^. (37) 



The second term can be developed as a sum of terms of the form 

J Ca aP {x + 1 h)D a 5^wDl 3 5" l w^ e D a ' g 2m dx 



where \a'\ ^ m, \a\ , \(3\ < m, and again using (23), (24) and the fact that the function g and these 
derivatives are bounded, and the Cauchy-Schwarz inequality, we obtain 



Ca a/3 (x + ~/h)D a ' 'FwD 13 " >u;^ Z> a_a ' ' g 2m dx 



^C\\Pw\\ 2 Hm . Haf) . (38) 



By (37) and (38) we can estimate the second term of the second member of (33) 



/ E E (p)a a p(x + 7h)D a FwD f) '(6''we im )D f} - f} 'e 2m 



dx 



\a\,\0\4rn p <f3 



(39) 

and finally by (34), (35) and (39), we find the desired estimate 
J E °«/3( x + l h W Da {^wg 2rn ) D 13 (S^wg 2m ) dx 

qi \a\,\/3\^m 

< c i E \\ Pw S 2m \\ H m { n' ei ) \\ s<Tw \\Hm { n' ei ) + c 2 ll^ll^-i^) II^W 7 "!!^^) 



(T<7 



+ C 3 Wwfjjm-i^) + C 4 Ww\\ Hm - \\^wg 2m \\ Hm{n , f 
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Using the coercivity of the problem (11) and the Young inequality, it follows that 

ll*W m £ m(Q , ) <c e (j2 ii^ii^(^) + ii^ii^-^)) +zc\\p we 2m \\ 2 Hm(n , j 

Taking e = ^j, we obtain 

II^W m ||^, , < c (j2 KHI W ) + ll^lll-i^jl • 

1 V<7 / 

Since g = 1 on fi^ , we have 



) ■ 



(40) 



If 



1 (i.e. 7 = efe) then for a = in (40) we get 



c (\\ w \\ 2 H ™ { Q,> h ) + II^HItf--!^)! f o r * = l,-,n. 



For another bounded domain verifying the same conditions as and containing the closure of 
Qg (we still denote it by fi^ ), and using [1, Lemma 3.10], we obtain 

\\ s xM\ 2 Hm(n' eo ) < C \\wf H m {n ' ei ) < CIIHIiW^) for fc = I,-,"- 
For fixed £±, and by theorem 3, it holds 



H™(fl' ) £ 2r 



^ ^7 for fc = 1, ...,n, 



and thus 



-^k 



C 



for |a| = m, k = l,...,n. 



Then the sequence [d a 5 Xk w) h is bounded in L 2 (Vl' lo ) and we can extract a subsequence (<9 a <5^u>) neN 
(/i n — ► 0) which converges weakly in L 2 (Q' e ) to some function w a ^ of L 2 (0^ o ). We then obtain 

\\ w <*,k\\ 2 L\n> lo ) = K,t,«'a 1 t) I a(ff ) = n lim ( u, °,fc' 9Q ^^) 



^ lim 

n >0 



C „ „ 



L2 ll^,fc|l L2( ^ o ) ^ ^ 2r ll^fcll^^j ■ 



It follows 



In other way 



c 



(41) 



d a 5 h x n w 
d a 5 h J n w 

^k 



d a d Xk w mv'(nl] 



and by uniqueness of the limit, we deduce that d a d Xk w = w aj k € L 2 (Q' f ), and the proof is completed 
by (41). 
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Theorem 9 Under the assumptions (3), (6), (11), (23) and (24), then for any £ Q > 0, any r > 
and W (o <s Qg o , we have ug — € H 2m (Q' e J, and there exists a constant C > independent of £ 
such that 

C 



Proof. It is enough to show 



\ug - u oo\\h^{q,' 1o ) ^ 



C 



\D a (ug - Woo)|| Hm(n /j < — for \a\ m, 



(42) 



(43) 



by the theorem 5, the inequality (43) is verified for \a\ = 1. We show the result by induction. Let 
us suppose that for |<t| < \a\ ^ m we have 



C 

\\D a (ug — ^Oo)||/fm(Q»J ^ -pi-, 

for any open fi^such that Q' e <s $ <s fi^ <s Qg o . Using (40), we obtain for h small enough 



(44) 



\\5 a (ug - «oo)||ffm(^ o ) ^ C I ^ 11^ ~ U Oo)||tfm($) + 11^ i U £ ~ «Oo)||tfm-l 

\cr<a 



(*) 



and using also [1, Lemma 3.10] several times, we get 



(ug - u^Wxm^j ^ ciJ2\\D a (u £ - Uoo)|lH"*(nj;) + 11-°° ~ u °o)lliU-i(n» ) 



< c£ \\D° (u e - Uoo )\\ 



Thanks to (44), we obtain 



it holds that 



H"*(n» o ) 



C 



||<T (u/-«oo)||H™(nj o ) < 



D^5 a (u e 



2 C 

^ —r- for 1/31 ^ m. 



The sequence (D@5 a (u^ — ^oo)) ft>0 is bounded in L 2 (^ o ), and we can find a subsequence 
(D"5 a (u£ — Uoc)) h (h n — > 0) converging weakly in L 2 (f^J to a function w a ^ jk of L 2 (f^J. Then, 



we have 



wVAfcll^s-j/ } = (w a>/3;k ,w a> fr k ) L2 ^ ) = lim (w a)k ,D^5 a (ug - n^) 



L2(H' ) 



^ liminf 
which implies that 



D p 5 a (ug - Uoo ) 



C 



c 



In other way 



5 a D (S (ug-u 00 ) — —D a D@ (ug — Uoo) in£>'(^J, 
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and by uniqueness of the limit, we obtain 

\D a D? {u e - Uoo ) 

which gives (43), the proof of the theorem is complete. ■ 

Derivation in the directions a in N\ does not get any trouble to give an estimate on all Qe a , 
as show it the following result. 

Theorem 10 Under assumptions (3), (6), (11), (23) and (24), for any i Q > and r > 0, there 
exists a constant C > independent of £ such that 

C 

\\D a (u £ - Uoo )\\ Hm{neo) ^ — for aeJVi. 

Proof. Since (40) is verified for Q'g = Cl^ o , = f^/ such that £ Q < £' < l\ for a € N±, then 
we can give the same proof as the previous theorem with Q' g = Qi o . m 
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